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$[12, 13]$ –$\overline{\equiv}$ .
”Combinatorial
Aspect of Integrable Systems” $\neq_{\varpi^{\mathrm{B}}}$
2 Lax
$A_{n-1}^{(1)}$ Lie $U_{q}’(A_{n-1}^{(1)})$
$|q|<1$ $z\in \mathbb{C}$ $U_{q}’(A_{n-\mathit{1}}^{(1)})$ $V=$
$\oplus_{i\in I}\mathbb{C}v_{i},$ $I=\{1,2, \ldots, n\}$ $\mathrm{R}$ $R(z)\in \mathrm{E}\mathrm{n}\mathrm{d}(V\otimes V)$ Yang-Baxter
$E_{ij}\in \mathrm{E}\mathrm{n}\mathrm{d}(V)$ , Eij $v_{k}=\delta$ ’$\tilde{u}v_{i}$
$R(z)=a(z) \sum_{i}E_{ii}\otimes E_{ii}+b(z)\sum_{i\neq j}E_{ii}\otimes E_{jj}$
$+c(z)(z \sum_{i<j}+\sum_{i>j})E_{ji}\otimes E_{ij}$ , (2.1)
$a(z)=1-q^{2}z$ , $b(z)=q(1-z)$ , $c(z)=1-q^{2}$
Weyl $\mathrm{W}$ $P_{i}$ , $P_{i}^{-1},$ $Q_{i},$ $Q_{i}^{-1},$ $\mathrm{i}\in I\backslash \{n\}$




$P_{i},$ $Q_{i}$ , $=Q_{i}^{-1}(1-a_{i}P_{i}^{2}),$ $P_{i}’=-a_{i}qP_{i},$ $\mathrm{i}\in I\backslash \{n\}$
$\mathrm{W}$ $A$










$j$ $P_{i,j}=P_{i}P_{i+1}\cdots P_{j}$ .
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Lax ;
Proposition 22Lax (2.3) $R$ (2.1) ;
$R(z_{2}/z_{1})L(z_{2})L(z_{1})=L(z_{1})L(z_{2})R(z_{2}/z_{1})2112\in A\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V\otimes V)$ . (2.4)
$L(z)1=L(z)\otimes p_{V},$ $L(z)2=p_{V}\otimes L(z)_{0}$
Proposition 23Lax ;
$L(z)=D(z)K_{1}K_{2}\cdots K_{n-1}$ ,
$D(z)=$ diag(z, $\ldots$ , $z,$ $1$ ), $K_{i}\in A_{i}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V),$ $A_{i}=<P_{\iota^{-}},$ $Q_{i},$ $R_{i\}}P_{i}’>$
Lax $n$
Example 2.4 $n=2,3$ ;
$L(z)=(\begin{array}{ll}zP_{\mathrm{l}}’ zR_{1}Q_{1} P_{1}\end{array})=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(z, 1)(\begin{array}{ll}P_{1}’ R_{1}Q_{1} P_{1}\end{array})$ ,










$V=\oplus_{i\in I}\mathbb{C}v_{i}$ $U_{q}’(\mathfrak{g})$ $\text{ }$
$A$ (operator algebra)
Lax $L(z)$ $A\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$ $\mathrm{R}$ (2.4)
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$\mathrm{M}$ $A$ $\mathfrak{R}\mathfrak{k}$ well-defined $\mathrm{i},j\in I$
$\mathrm{M}$









Jv[ $=\oplus_{x}\mathbb{C}x$ , $x=$ [$x_{1},$ $x_{2},$ $\ldots$ , x $1$ ] $\in \mathbb{Z}_{\geq\overline{0}^{1}}^{n}$ . (3.2)
$\mathrm{i}\in I\backslash \{n\}$ $a_{i}=1$ $\mathrm{M}$
$P_{i}x=q^{x_{i}}x$ ,
$Q_{i}x=[x_{1}, \ldots, x_{i-1}, x_{i}+1, x_{i+1}, \ldots, x_{n-1}]$ , (3.3)
$R_{i}x=(1-q^{2x_{i}})[x_{1}, \ldots, x_{i-1}, x_{i}-1, x_{i+1}, \ldots, x_{n-1}]$
($a_{i}\neq 1$ $R_{i}$ well-defined )
$a_{i}=1$ $f\mathrm{v}\zeta$




$x_{k}+\delta_{i,k}=y_{k}+\delta_{j,k},$ $k\in I\backslash \{n\}$
3.2 $\mathrm{R}$
$R(z)(2.1)$
$V$ $m$ $U_{q}’(A_{n-1}^{(1)})$ $V_{m}(=V^{\otimes m}/\sim)$
$\text{ }$
$x=(v_{i_{1}}\otimes\cdots\otimes v_{i_{m}}\mathrm{m}\mathrm{o}\mathrm{d} \sim),$ $n\geq \mathrm{i}_{1}\geq\ldots\geq i_{m}\geq 1$ $V_{m}$
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$\mathrm{m}\mathrm{o}\mathrm{d} \sim$ $v_{i}\otimes v_{j}=qv_{j}\otimes v_{i)}i<j$
$i_{1},$
$\ldots,$
$i_{m}$ $i$ $x_{i}$ $x=[x_{1)}\ldots, x_{n}]$
$\mathrm{R}$ $R^{(m,1)}(z)\in \mathrm{E}\mathrm{n}\mathrm{d}(V^{\otimes m}\otimes V)$ $R(z)=R_{1,2}(z)(2.1)$
;












$w_{ij}[x|y](z)$ $V_{m}\otimes V$ Boltzmann
$y=[y_{1}, \ldots , y_{n}]$ $y_{k}=x_{k}+\delta_{i,k}-\delta_{j,k}$ .












$x_{\dot{n}}$ $x=[x_{1}, \ldots, x_{n-1}]$ $\lim_{\mathrm{m}arrow\infty}$ $V_{m}$ $\mathrm{J}\mathrm{v}[(3.2)$
3.3
$7\mathrm{g}\#[]arrow$ (3.5) S









$n$ . . . $\gamma_{k-1}$ $y_{k}$ $J_{k+1}$ $\mathit{1}_{k+2}\ldots$
$p=\cdots\otimes v_{j_{k}}\otimes v_{j_{k+1}}\otimes v_{j_{k+2}}\otimes\cdots=[[w_{1}, w_{2}, \cdots, w_{n-1}]]$ (3.6)
$\mathrm{i}\in I\backslash \{n\}$ $w_{i}=\#$ ($p$ $v_{i}$ ) $<\infty$
$p$
$lP= \{\sum_{p}c_{p}p|\exists_{N<\infty \mathrm{s}.\mathrm{t}}.\lim_{qarrow 0}q^{N}\sum_{p}c_{p}=0\}$
Definition 32 Lax $\varphi$ $\varphi$
(z) ;
$\mathcal{T}(z)=(\cdots L(z)L(z)L(z)\cdot\cdot)_{0,0}kk+1k+2.$ : $\varphiarrow\varphi$ . (3.7)
Propsition 23 $L(z)$ ;
Theorem 33 (i) $\mathcal{T}(z)$ ;
$\mathcal{T}(z)=\mathcal{D}(z):\kappa_{1}\cdots:\mathcal{K}_{n-1}$ ,
$\mathcal{D}(z)=(\cdots D(z)D(z)D(z)\cdot)_{0,0}kk+1k+2..$ , $\mathfrak{X}(z)=(\cdots K_{i}K_{i}K_{i}\cdot\cdot)_{0,0}kk+1k+2.$ .
(ii) $p(3.6)$ (z) $\mathcal{D}(z)p=z^{\Sigma_{i}w_{i}}p$
$\mathcal{T}(z)$ (z)p $=z^{\Sigma_{i}w_{i}}9\mathrm{C}_{1}\cdots \mathrm{J}\zeta_{n-1}p$
Proposition 23 Lax
$K_{i}(i\in I\backslash \{n\})$ $K_{i}\in$ $i\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$
Boltzmann
.$\triangleleft’$ .
$P_{i}$ $R_{1}$ $Q_{i}$ $P_{i}’$
$x_{i}+_{n}^{n}x_{i}$ $x_{i}+_{i}^{n}x_{i}-1$ $x_{i}+_{n}^{\mathrm{i}}x_{i}+1$ $x_{t}+_{i}^{i}x_{i}$
$q^{\varpi_{2}}$ $1-q^{2x_{i}}$ 1 $-q^{x_{\mathrm{i}}+1}$
$n$
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$i\in I$ $n$ 1 1, 2, . . . , $n-1$ $n-1$




( ) $P_{i\text{ }}$
$P_{i}’$ 1 $Q_{i}$ ii $\text{ }R_{i}$




Theorem 34 $\mathcal{T}(z)$ $qarrow \mathrm{O}$ $\mathrm{n}-1(1)$
$K_{i}$
$(x_{i}=)0+_{n}^{n}0$ $(1\leq)x_{i}+_{\mathrm{i}}^{n}x_{i}-1$ $x_{i}+_{n}x_{i}+1$ $x_{i}+_{j}x_{i}$
$\mathrm{i}$ $j$





(ii) ii ii ii
ii
(iii) ( $w_{i}<\infty$
) $i>1$ $i\mapsto \mathrm{i}-1$ (ii) $\mathrm{i}=1$ (iv)
(iv) 11 1
$A_{n-1}^{(1)}$
Example 35 $A_{2}^{(1)}$ $T(z)$ $p=\cdots\otimes v_{3}\otimes v_{2}\otimes$
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$v_{2}\otimes v_{1}\otimes v_{3}\otimes v_{3}\otimes v_{3}\otimes\cdots$ $p’=\cdots\otimes v_{3}\otimes v_{2}\otimes v_{3}\otimes v_{3}\otimes v_{2}\otimes v_{1}\otimes v_{3}\otimes\cdots$
322133 3




.. . $\otimes v_{3}\otimes v_{3}\otimes v_{3}\otimes v_{3}\otimes v_{2}\otimes v_{2}\otimes v_{1}\otimes\cdots$ .
$z^{3}(1-q^{4})(1-q^{2})^{2}$
Example 36 $A_{2}^{(1)}$ ( 3 );
$t=0$ : . . 2 2 1 $\cdots$ 1
$t=1$ :. . . 2 2 1.1
$t=2$ : $\ldots$ 2 . 2 11
$t=3$ : . . . 2. . . 2 1 1 .
$t=4$ : $\ldots$ 2 $\cdots$ $\cdot$ . 2 1 1 .
$A_{n-1}^{(1)}$ 1, 2, . . . , $n-1$
4
4.1 Lax
Proposition 23 Lax $L(z)$ Example 24
$K_{i}$ $i$ $A_{n-1}^{(1)}$
” ”
Lemma 41 Lax (2.3) ;
$L(z)=l_{1}(z)l_{2}(z)\cdots l_{n-1}(z)$ , $l_{i}(z)=(_{0}^{0}10.\cdot.$ $\cdot.\cdot.\cdot.\cdot..\cdot.\cdot$
.
$\cdot 001^{\cdot}$ . $z.\cdot.P_{i}’Q_{i}00$ $z.\cdot.R_{i}P_{i}00\ovalbox{\tt\small REJECT}\in A_{\mathrm{i}}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$ . (4.1)
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(2.4) li( ;
$R(z_{2}/z_{1})^{21}l_{i}(z_{2})l_{i}(z_{1})=l_{i}(z_{1})l_{i}(z_{2})R(z_{2}/z_{1})12\in A_{i}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V\otimes V)$ . (4.2)
( $K_{i}$ (2.4) Q)
Lax $(qarrow 1)$ Weyl $\mathrm{W}$
Poisson $\mathrm{e}$ $P_{i}$ , $P_{i}^{-1},$ $Q_{i},$ $Q_{i}^{-1},$ $i\in I\backslash \{n\}$
$\{P_{i}, P_{j}\}=\{Q_{i}, Q_{j}\}=0$ , $\{P_{i} , Q_{j}\}=\delta_{i},{}_{j}P_{i}Q_{i)}$ $Q_{i}Q_{i}^{-1}=P_{i}P_{i}^{-1}=1$
$\mathrm{e}_{i}=<P_{i}^{\pm},$ $Q_{i}^{\pm}>\subset \mathrm{e}$ (2.2)
Poisson
$\{a, b\}=\lim_{qarrow 0}\frac{1}{\log|q|}[a, b]$
$\mathrm{R}$ $R(z)$ $\mathrm{R}$ $r(z)$
$\frac{R(z)}{1-z}\sim 1+\log|q|r(z)$
Lax $L^{d}(z)\in \mathrm{C}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$ $l_{i}^{d}(z)\in \mathrm{e}_{i}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$
(2.3), (4.1) (2.4) (4.2) ;
Corollary 42 Poisson ;
$\{L^{d}(z_{1})\otimes, L^{cl}(z_{2})\}=[r(z_{2}/z_{1}), L^{cl}(z_{1;}^{T}\otimes L^{\mathrm{c}l}(z_{2})]$
$\{l_{i}^{cl}(z_{1})\otimes, l_{j}^{\mathrm{c}\mathrm{f}}(z_{2})\}=\delta_{i,j}[r(z_{2}/z_{1}), f_{i}^{\mathrm{c}l}(z_{1})\otimes l_{j}^{d}(z_{2})]$ (4.3)










$\mathrm{L}\mathrm{V}(n, L)$ $l_{i}(z)$ $\mathrm{V}(n, L)$
$($Lemma $4.4)_{\text{ }}$
(i) Hamiltonian ; $V_{k}$ , $k\in \mathbb{Z}$
$\{V_{k}, V_{j}\}=2V_{k}Vj\sum_{i=1}^{n-1}(\delta j,k+i-\delta j,k-i)$
Poisson $\mathrm{V}$ $\mathrm{L}\mathrm{V}(n, L)$ Hamiltoniam
$\frac{\mathrm{d}*}{\mathrm{d}t}=\{*, H_{1}\}$ , $H_{1}= \sum_{k=1}^{L}V_{k}$ , $*\in \mathrm{V}$
$H_{1}$ Hamiltonian
(ii) Lax .) (4.4) $l_{k}^{LV}(z),$ $B_{k}(z)\in \mathrm{V}\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$
$\frac{\mathrm{d}l_{k}^{LV}(z)}{\mathrm{d}t}=B_{k+1}(z)l_{k}^{LV}(z)-l_{k}^{LV}(z)B_{k}(z)$
Lax $l_{k}^{LV}(z)$ Lax $B_{k}(z)$
$l_{k}^{LV}(z)$ :
$l_{k}^{LV}(z)=(\begin{array}{lllll}z^{\frac{1}{n}} 0 0 V_{k}\mathrm{l} 0 0 00 1 \ddots \vdots \vdots\vdots \ddots \ddots 0 00 0 1 0\end{array})$
$\mathrm{L}\mathrm{V}(n, L)$ Lax ;
$T^{LV}(z)= \prod_{k=1}^{L}\frac{1}{V_{k}^{\frac{1}{n}}}l_{k}^{LV}(z)$ , $t(z)=\mathrm{T}\mathrm{r}_{V}T^{LV}(z)$ (4.5)
$t(z)$ $z$
$\log H_{0}=\frac{1}{n}\sum_{k=1}^{L}\log V_{i}$ , $\frac{1}{2}(H_{1})^{2}-H_{2}=\sum_{k=1}^{L}(\frac{1}{2}(V_{k})^{2\iota}\prime \mathrm{t}^{-}V_{k}\sum_{j=1}^{n-1}V_{k+j})$
.
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Proposition 43 [14/ Poisson $\{H_{i}, H_{\mathrm{j}}\}=0$
( ) Lemma ;
Lemma 44 Poisson $\mathrm{e}$ $G’$ = Pi , $Q_{i}^{\pm\frac{1}{n}}$ ; $\mathrm{i}\in \mathbb{Z}>$












$A_{n-1}^{\langle 1)}$ Lie 2\sim 4
$D_{n}^{(1)}$ ( $2_{\text{ }}3$ )
5.1 Lax
$U_{q}’(D_{n}^{(1)})$ $V=\oplus_{i\in I}\mathbb{C}v_{i},$ $I=\{1,2, \ldots, n, -n, \ldots, -1\}$
$I$
$1\prec 2\prec\cdots n\prec-n\prec\cdots-1$ $\xi=q^{2n-2}$ , $\overline{i}=i(i>$
$0),$ $\mathrm{i}+2n(\mathrm{i}<0)$ $\mathrm{R}$ $R(z)\in \mathrm{E}\mathrm{n}\mathrm{d}(V\otimes V)$ Yang-Baxter
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;
$R(z)=a(z) \sum_{k}E_{kk}\otimes E_{kk}+b(z)\sum_{j\neq k}Ejj\otimes E_{kk}+c(z)(z\sum_{j\prec k}+\sum_{j\succ k})Ekj\otimes Ejk$
$+(z-1)(1-q) \sum_{j,k}f_{jk}(z)E_{jk}\otimes E_{-j-k}$ ,
$a(z)=(1-q^{2}z)(1-\xi z),$ $b(z)=q(1-z)(1-\xi z),$ $c(z)=(1-q^{2})(1-\xi z)$ ,
$f_{jk}(z)=\{$
$q+\xi z$ $j=k$
$(1+q)(-1)^{j+k}q^{\overline{k}-\overline{j}}$ $j\prec k$ .
$(1+q)(-1)^{j+k}q^{k-\overline{\mathrm{j}}}\xi z$ $j\succ k$
Weyl $\mathrm{W}$ $A$ $A_{n-1}^{(1)}$ $i$
( $I\backslash _{\tau}\{n, -n\}$
$\circ$
Lax $L(z)\in A\otimes \mathrm{E}\mathrm{n}\mathrm{d}(V)$ $2n$
$n=3$ Lax $\mathrm{R}$
(2.4) :
$L(z)=K_{-n+1}\cdots K_{-1}D(z)K_{1}\cdots K_{n-1}$ ,
$D(z)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(z, \ldots, z, z^{2},1, z, \ldots, z)$ .















$D(z)=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(z, z, z^{2},1, z, z)$ .
$3
Lax $\mathrm{i}\in I\backslash \{n, -n\}$ $a_{i}=1$
$\mathrm{M}$









Theorem 52 $R(z)$ $m$ $marrow\infty$
$m= \sum_{i\in I}x_{i}$ $m-x_{-n}$ $\infty$ $m,$ $x_{-n}arrow\infty$
$D_{n}^{(1)}$ $V_{m}$ $x_{-n}x_{n}=0$ $x=[x_{1}, \ldots, x_{n}, x_{-n}, \ldots x_{-1}]\in \mathbb{Z}_{\leq 0}^{2n}$
$marrow\infty$ $\mathrm{M}$
5.2




$-\mathrm{i}$ $Q_{i}$ iQ (-i-









$t=0$ : 2 1 2. 1
$t=1$ : . 21 $\overline{2}$ 1
(a) $t=2$ : 1 1 1 1
$t=3$ : 1 1 1 1
$t=4$ : 1 1 1 1
$t=0$ : . . 2 1 1 . 3 .
$t=1$ : 2 1 . 3 1 .
(b) $t=2$ : . 2 . $\overline{2}$ 2 1 1
$t=3$ : . . 2 . 2 . 2 1 1
$t=4$ : . . 2 . 2 2 1 1
(a) $(2, \overline{2})$ $(1, \overline{1})$ (b) 3
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